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Abstract We report some properties especially lower and upper bounds in terms of
other graph invariants for the general sum-connectivity index which generalizes both
the ordinary sum-connectivity index and the first Zagreb index. Additionally, we give
the Nordhaus-Gaddum-type result for the general sum-connectivity index.
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1 Introduction

The well-known Randi¢ connectivity index, proposed by Randi¢ in 1975 [1], is the
most used molecular descriptor in QSPR and QSAR [e.g., 2-6]. In view of its success-
ful applications in QSPR and QSAR, some people gave physicochemical interpretation
of this molecular descriptor [4—10]. The history of this index is described in [11,12].
Mathematical properties of this index have also been reported [e.g., 13,14].

Let G be a simple graph with vertex-set V(G) and edge-set E(G). For u €
V(G), '(u) denotes the set of its (first) neighbors in G and the degree of v is
dy, = dg(u) = |I'(u)|. The Randi¢ connectivity index R = R(G) of G is defined as:

R=RG) = D (dud) "
uveE(G)
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The sum-connectivity index of the graph G, denoted by x = x(G), is defined as
[15]:

X=x(G)= D (d+d) "
uveE(G)

For convenience, we may call R(G) the product-connectivity index of G. These two
molecular descriptors are highly intercorrelated quantities; for example, the value of
the correlation coefficient is 0.99088 for 134 trees representing the lower alkanes taken
from [16]. In [15], we gave several basic properties for the sum-connectivity index,
especially lower and upper bounds in terms of graph (structural) invariants, deter-
mined the unique tree with fixed numbers of vertices and pendant vertices with the
minimum value of the sum-connectivity index, and trees with the minimum, sec-
ond minimum and third minimum, and with the maximum, second maximum and
third maximum values of the sum-connectivity index, and discussed properties of the
sum-connectivity index for a class of trees representing acyclic hydrocarbons. In [17],
some properties of the sum-connectivity index for trees and unicyclic graphs with
fixed maximum degree were obtained.

The ordinary Randi¢ connectivity index has been extended to the general Randi¢
connectivity index defined as [13,18]:

Ry =Ry(G)= D (dudy)”

uveE(G)

where « is a real number. The properties of the general Randi¢ connectivity index may
be found in [e.g., 13,19,20]. Similarly, the general sum-connectivity index is defined
as:

Xo = xa(G) = D (dy+dy)”.
uveE(G)

Evidently, R_; > is the ordinary Randi¢ connectivity index, while x_1,> is the
ordinary sum-connectivity index. Recall that the first and the second Zagreb indices
are defined as [21-24]:

My =M(G)= > d;
ueV(G)

My=MyG) = D dud,
uveE(G)

which are occasionally employed as molecular descriptors in QSPR and QSAR [e.g.,
25,26]. Mathematical and computational properties of Zagreb indices have also been
reported [e.g., 27-37]. We note that R = M» and x; = M. Thus, the general Randi¢
connectivity index generalizes both the ordinary Randi¢ connectivity index and the
second Zagreb index, while the general sum-connectivity index generalizes both the
ordinary sum-connectivity index and the first Zagreb index.
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In this report, we give some basic properties, especially lower and upper bounds in
terms of other graph invariants, of the general sum-connectivity index, and also give
the Nordhaus-Gaddum-type result [38] for it.

2 Preliminaries

Let P, and S,, be respectively the path and the star with n vertices. Let K, be the
complete graph with n vertices. A bipartite graph G is a graph whose vertex-set V
can be partitioned into two subsets (partite sets) V; and V> such that every edge of G
connects a vertex in V; and a vertex in V. The graph GU H denotes the vertex-disjoint
union of graphs G and H. Let G be the complement of the graph G.

Recall that if a real valued function f (x) defined on an interval has a second deriv-
ative f”(x) then a necessary and sufficient condition for it to be strictly convex on
that interval is that f”(x) > 0. For positive integer k, if f(x) is strictly convex, then

(by Jensen’s inequality) we have f (Zle %) < % Zf:l f(x;) with equality if and
only if x; = xp = -+ = xg, and if — f(x) is strictly convex, then the inequality is
reversed.

3 Bounds for the general sum-connectivity index

Proposition 1 Let G be a graph with m > 1 edges. If 0 < a < 1, then x,(G) <
M(G)*m'™ and ifa < 0 ora > 1, then xo(G) > Mi(G)*m'~%, and either
equality holds if and only if d,, + d, is a constant for any edge uv.

Proof If 0 < a < 1, then —x“ for x > 0 is strictly convex, and thus:

o

1 | 1 , 1
[;Ml(@} =| = 2 @atd) | z— D it d) = —xa(O),

uveE(G) uve E(G)

ie., Xo(G) < M1(G)*m'~* with equality if and only if d, + d, is a constant for any
edge uv. Similarly, if « < 0 or @ > 1, then x* for x > 0 is strictly convex, and thus
X (G) = M (G)*m'~% with equality if and only if d,, + d,, is a constant for any edge
uv. O

There is a number of reports on the upper bounds for the first Zagreb index [27—
30,32,34-37], from which and Proposition 1, we may deduce upper bounds for x
when 0 < o < 1 and lower bounds for x, when @ < 0. Also lower bounds for the
first Zagreb index lead to lower bounds for y, when o > 1. We give such examples.

(a) Let G be a graph with n vertices and m > 1 edges. Then [27,28] M(G) <
m (nszl +n— 2) with equality if and only if G = K, S,, or K; U K,,_1, and
thus if 0 < a < 1, then:
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2m «“
Xe(G) <m —1+n—2 if 0<a<1
n—
2 o
Xa(G)zm(—ml—l-l’l—Z) if a<0
n—

with equality in either case if and only if G = K,,, S, or K1 U K;,—1.
(b) Let G be a graph with n vertices and m edges. Then [29,30]:

M(G) = f(n.m) = 2m (2 L%’”J " 1) o {%’”J ({%J N 1)

with equality if and only if the difference of the degrees of any two vertices of
G is at most one. Thus, fora > 1:

Xa(G) > f(n,m)*m' ™

with equality if and only if either G is regular or G is a bipartite semi-regu-
lar graph (bipartite graph for which vertices in the same partite sets have equal
degree) of degrees of two consectutive integers. A somewhat simple bound is as
follows. Let G be a graph with n vertices and m edges. By the Cauchy-Schwarz
inequality:

2

1 4m?
Xl(G)le(G)Z; Zdu = —.

n
ueV(G)
Thus, fora > 1:

Xa(G) > 4%~ % m!Te

with equality if and only if G is regular.

Proposition 2 Let G be a graph with n > 2 vertices. If 0 < a < 1, then xo(G) =
M1 (G)* with equality if and only if G = Ko UK, _2 or G = K, and if o < O, then
X (G) < 274 (n — 1) with equality if and only if G = K».

o
Proof 110 < @ < 1, then o (G) = [ X (@ + )| = M (G) with equal-

ity ifand only if |E(G)| < 1,i.e,G = KUK, 20rG = K,.Ifa <0and G # K,,,
then by setting § and A to be respectively the minimum and maximum degree of G|
on np vertices, obtained from G by deleting possible isolated vertices, we have:

A
Xa(G) < E (28)* < _n12 (28)% =27 A8% <27 — 1)
uveE(Gy)

with equalities if and only if G is regular and A§* =n — 1, i.e., G = K>. O
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If G is a graph with n vertices and m edges, thenforo > 1, asd,,+d, < 2(n—1) for
u,v € V(G), we have: xo(G) = ZuveE(G) (dy + dy)* < m(2n — 2)* with equality

ifandonly if G = K, or G = K.

Proposition 3 Let G be a tree with n > 4 vertices. If o > 0, then:
2-3% 4+ (n—3)4% < xo(G) < (n — 1)n®

with left (right, respectively) equality if and only if G = P, (G = S,, respectively).
If a < 0, then the above inequalities on x (G) are reversed, where the upper bound

log2
holds foraa > 1 — ————.
: log(4/3)

Proof We only prove the case « > 0. The case o < 0 is similar. Suppose that o > 0.
Let uv be any edge of G. Obviously, d, + d, < n. Thus:

X(G) < D n*=(n—1n”

uwveE(G)

with equality if and only if d,, 4+ d,, = n for every edge uv of G if and only if G is a
complete bipartite graph that is a tree, i.e., G = §,,.

Suppose that Q is a connected graph with at least two vertices. Fora > b > 1, let
G be the graph obtained from Q by attaching two paths P, and P, to u € V(Q),
and G the graph obtained from Q by attaching a path P,4j to u. Let di = dg, (1)
and d, = dg(x) for vertex x of Gy or G thatisalsoin Q. Thend; > 3.Ifa = 1 and
b =1, then:

Xa(G2) = Xa(G1) = 3"+ (d1 + D"+ D (di —1+d)”
xueE(Q)

— 2@+ D%+ D di+d)”
xueE(Q)

=3~ + D"+ D, [di—14+d)* - (d +d)*] <0.
xueE(Q)

Ifa >2and b =1, then:

Xa(G2) — xa(G1) = 4% — (d1 +2)% + Z [(di — 1+d)* — (d +dy)*] < 0.
xueE(Q)

Ifa>2andb > 2, then f(x) =2 -4+ (x+ 1)* —=3% —=2(x +2)* forx > 21is
a—1

decreasing as this is equivalent to (x + 1)*~! < 2(x +2)*"1, ie., (%) <2,

which is obviously true, and thus 2 - 4% 4 (d; + D)¥ — 3% — 2(d; + 2)* = f(d)) <

f(3) < f(2) =0, and we have:
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Xa(G2) — xa(G1) = 2-4% + (d1 + D* = 3% = 2(d; +2)°

+ > [@ = 14d)* - (d +do)*] <0.
xueE(Q)

It follows that x4 (G1) > x«(G2).If G # P,, then by applying the above transfor-
mation to the tree G, we have xu(G) > xo(Py). O

A necessary condition for a molecular descriptor to be an acceptable measure
of branching is that within the set of all n-vertex trees its values should be extre-
mal forP, and S, [e.g., 39]. By Proposition3, x, satisfies this basic requirement
fora # 0 and @ > l_—logZ .

log(4/3)
measure of molecular branching. For the general Randi¢ connectivity index, R_1,2
provides a measure of molecular branching [40] as if G is an n-vertex tree, then
R_1,2(Sy) < R_12(G) < R_1)2(Py,) with left (right, respectively) equality if and
only if G = S, (G = P,, respectively), however, R_; does not as the inequality
R_1(G) < R_1(Py) does not hold when 7 is sufficiently large [41].

In particular, both x_i,> and x_; provide a

Proposition 4 Let G be a triangle-free graph with n vertices and m > 1 edges.
Ifa > 0, then:

Xa(G) < mn®

with equality if and only if G is a complete bipartite graph. If o < 0, then the above
inequality on X, (G) is reversed.

Proof For any edge uv of G, d,, + d, < n and thus for « > 0:

xa(G) < Z n% = mn“
uveE(G)

with equality if and only if d, 4+ d,, = n for every edge uv of G, i.e., G is a complete
bipartite graph. The proof for the case o < 0 is similar. O

4 Nordhaus-Gaddum-type result for the general sum-connectivity index
Finally, we give the result for the general sum-connectivity index of Nordhaus-Gad-
dum-type, i.e., bounds for the sum of the general sum-connectivity indices of a graph
and its complement in terms of the number of vertices of the graph.

Proposition 5 Let G be a graph with n > 2 vertices.

(1) Ifa >0, then:

Xa(G) + %a(G) < 27" n(n — 1+
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with equality if and only if G = K, or G = K,,,
Xa(G) + xo(G) > 27 — 1)*t! fora>1
with equality if and only if G is a regular graph of degree % and
X (G) + %« (G) > 27%%(n — 1D** for0 <a < 1.
@) Ifa <O, then:
270 = DU < 4a(6) + xa(G) < 2%n(n — 1)

with left equality if and only if G = K, or G = K,,.

Proof Let m and i be respectively the numbers of edges of G and G. Then m + 7 =
@. If ¢ > 0, then:

> dew) +deWI*+ > [dg) +dg@)]*
uveE(G) uveE(G)
m2n — 2)* +m2n — 2)%
(m+m)@2n —2)% =27 F @ — 1)+

X (G) + Xa (6)

IA

with equality if and only if either d, = d, = n — 1 for every edge uv € E(G) or
E(G) =¥, ie., G = K, or G = K,,. Similarly, if @ < 0, then xo(G) + x«(G) >
271 (n — 1)!* with equality if and only if G = K,, or G = K,,.

It is easily seen that:

016G+ 0@ = Y [do@?+dgw?]
ueV(G)

[dow) +dg@]  n(n — 1)
= 2 2 . )
ueV(G)

with equality if and only if dg (u) = dg(u) forallu € V(G), i.e., G is aregular graph
of degree % If @ > 1, then x* is strictly convex and thus:

Xa(G) + X« (6)

- [ Ziver©) e @) +de®) + e p @) (dg) + dg) |*
> (m+m) o
=(m+m)'" [x1(G) + x1(&]"
_1)27¢
s e [0 ]

=2"ln(n — !t

with equality if and only if G is a regular graph of degree % If0 <o < 1, then:
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o

> o) +dew)+ D (dgw) +dg(v)

uveE(G) uveE(G)

Xa(G) + Xa (6)

v

2
[x1(G) + 01 ()]" = [%] > 27 %% (n — 1)

and thus x4 (G) + X« (G) > 27*n%(n — 1)>*. This is because a graph G with |E(G) U
E(G)| < 1 is not possible to be a regular graph of degree % forn > 2.
If @ < 0, then by Proposition 2,

Xa(G) + xa(G) < 27 — 1) + 27 — 1) = 2%n(n — 1).
The proof is now completed. O
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